An known elementary proof of existence of infinitely many solutions (and a procedure of their construction) to the Prouhet-Tarry-Escott problem is given together with its connection to the Prouhet-Thue-Morse sequence. 
The Prouhet-Tarry-Escott problem is a classical problem in Diophantine equations that consists of finding two different lists (i.e. multisets) of integers [a 1 , a 2 , . . . a n ] and I. Urbiha
The Prouhet-Tarry-Escot Problem
The problem was named after E. Prouhet, who studied it in the early 1850s, and G. Tarry and Escott, who studied it in the early 1910s.
We shall restrict the problem to disjoint sets (or multisets).
Definition 1 Two finite sets (or multisets)
A, B ⊂ C are said to have (or satisfy) n-property if A, B = ∅, A ∩ B = ∅ and for any k ∈ {0, 1, 2, . . . , n − 1} we have
Example 2 The sets A := {0, 3, 5, 6} and B := {1, 2, 4, 7} have 3-property because
Definition 3 Let S ⊆ C and c ∈ C. Then we define
Lemma 4 Let A, B ⊂ C satisfy n-property. Then for any c ∈ C the sets A + c and B + c also have n-property.
Proof.
, where A and B are the same as in Example 2, also have 3-property: Proof. Lemmas 4 and 6 imply that the sets A 1 and B 1 have n-property. It is easy to check that A 1 ∩ B 1 = ∅. Now we have to prove that equality A n 1 = B n 1 holds:
Example 8 
Example 10 The sets A 0 := {0} and B 0 := {1} have 1-property. Suppose that sets A n−1 and B n−1 have n-property. Then by Proposition 7 for c n := 1 + max(A n−1 ∪ B n−1 ) the sets A n := A n−1 ∪(B n−1 +c n ) and B n := B n−1 ∪(A n−1 +c n ) have (n+1)-property. By the definition of c n it follows that max(A n−1 ∪B n−1 ) < c n ≤ min((A n−1 +c n )∪(B n +c n )) which proves that
Lemma 11 Let α 2 (m) be the sum of digits of binary representation of number m. The sets A n and B n defined in Example 10 can be characterized in the following way: Proof. By induction on n we prove the statement of the Lemma 11 and that c n = 2 n+1 . Induction base is clear. Suppose now that
and c n = 2 n . By definition we have
(Adding c n = 2 n to numbers of B n−1 is equivalent to prefixing their binary representation with 1 together with some zeroes if necessary.) The proof for B n is analogous.
Remark 12
The sequence t n := α 2 (n) mod 2 is known as the Prouhet-Thue-Morse sequence (see [1] or [2] , example 12.). Sets A n and B n can be characterized as follows:
In other wording A n (resp. B n ) consists of all nonnegative integers less than 2 n+1 which are expressible as a sum of even (resp. odd) number of powers of 2. Now we can elucidate this remarkable property by generalizing A n (resp. B n ) to be sum of even (resp. odd) numbers of indeterminates x 0 , . . . , x n−1 . (Then Lemma 11 is just a very special case x k = 2 k .) The existence of different finite sets (of numbers) A and B having the n-property for any n can be proved quickly by using Taylor expansion of the following function F := n−1 j=0 (1 − e tx j ). We have
On the other hand we have
i.e. It follows immediately that the sets A = {x j 1 + · · · + x jr | 0 ≤ r ≤ n, r ∈ 2N, 0 ≤ j 1 < · · · < j r < n} and B = {x j 1 + · · · + x jr | 0 < r ≤ n, r ∈ 2N + 1, 0 ≤ j 1 < · · · < j r < n} have n-property. 
